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The s teady-s ta te  d is t r ibut ion  of charged par t ic les  in a weakly ionized p lasma is examined for the case in 
which volume ionization, recombinat ion,  and diffusion in a space-charge  field occur. A joint  solution is 
obtained for the equation for charged-par t ic le  balance and the Poisson  equations for the case of p lanar  and 
Cylindrical p lasma configurat ions sat isfying the Schottky condition at the boundaries  of the region. A 
solution is also found for the case in which the ionization is localized in a spher ica l ly  symmet r i c  volume 
and in which the Schottky condition is sat isf ied at infinity. The condition for the existence of a s teady- 
state solution is given and analyzed. 

The s teady-s ta te  d is t r ibut ion  of charged par t ic les  in a weakly ionized p lasma can be obtained for the balance 
equations for the number  of par t ic les  dur ing volume ionization, recombinat ion,  and diffusion in a space-charge  field. 
The basic removal  mechanism in a low-densi ty  p lasma at sufficiently low par t ic le  dens i t ies  is the independent 
diffusion of e lec t rons  and ions toward the per iphery,  with subsequent  recombinat ion  at the wall (free diffusion). It is 
usual ly  assumed that the ionization frequency per  unit volume is propor t ional  to the e lec t ron concentrat ion.  If the 
mean  free path is smal l  in compar i son  with the typical d imens ion  of the region under considerat ion,  the problem 
reduces  to the l inear  diffusion equation with homogeneous boundary conditions. 

For  a dense p lasma at high par t ic le  concentra t ions  one must  take into account severa l  additional effects, of 
which the most  impor tant  are  the effects of the e lec t r ic  field of the space charge and volume recombinat ion;  
accordingly,  the problem becomes highly nonlinear .  The divergence of the space-charge  field is proport ional  to the 
difference between the ion and the e lec t ron dens i t ies ,  and the s imples t  account of the effect of the space-charge  field 
is based on the assumpt ion  that the rat io C = N/N+ of the e lec t ron  and ion densi t ies  is constant  (C is some constant) at 
all  points in the region. If C = 1, i . e . ,  if the densi t ies  are  equal, we find the fami l ia r  ambipolar-di f fus ion conditions. 

If we denote the ion and e lec t ron diffusion coefficients by D+, D, respect ively ,  we will have free diffusion when 
Q = D+/D. The nonl inear  problem for the t rans i t ion  from free diffusion to ambipolar  diffusion was analyzed by All is  
and Rose [1] without an account of volume recombinat ion.  With regard  to volume recombinat ion,  we note that in [2, 3] 
the diffusion was assumed ambipolar  everywhere in the volume; this is an impor tant  s implif icat ion of the problem. In 
a region in which there are  N+,N positive and negative par t ic les  per cubic cen t imete r ,  the recombinat ion  of these 
par t ic les  can be descr ibed  by (~N+N, where c~ is the r ad ia t ion- recombina t ion  coefficient. During ambipolar  diffusion, 
the recombinat ion  t e rm s impl i f ies ,  becoming c~N 2. The recombinat ion  coefficient depends on the type of par t ic les  
par t ic ipat ing in the recombinat ion.  However, by ass igning a slightly different  meaning to the coefficient ~, we can 
eas i ly  take into account volume ionization, stepped ionization,  and severa l  other p rocesses  occurr ing  in a weakly 

ionized plasma.  

1. We make use of the continuity equation for the number  of par t ic les  per unit volume and the Poisson equation. 
Neglecting neu t r a l -gas  t r ans fe r  and assuming  the degree of ionization to be smal l  (N/Nn<< 1), we have, for e lec t rons  

and ions,  

V (Nv)--~NN§ ZN : 0  ( v : - -  D -~---bE),  (1.1) 

- v - =NN+ + = o "(,.+ = - -  + b+r)" ( 1. 2) 

VE = 4he (N+ -- 2r (1.3) 

Here N and N+, the e lec t ron and ion dens i t ies ,  respect ively ,  are  functions of the coordinates;  E is the e lec t r ic  field 
of the space charge; and v and v+ are the average drif t  veloci t ies  of e lec t rons  and ions. The vo lume- recombina t ion  
coefficient c~ and the frequency Z for e lec t ron- impac t  ionization, like the diffusion coefficients D+ and D and 
mobi l i t ies  b and b+ corresponding to electrons and ions, are  assumed independent of the coordinates.  This  assumption 
cor responds  to the assumpt ion of constant  e lec t ron and ion t empera tu res  T and T+ throughout the volume. We 
supplement  sys tem (1.1)-(1.3) by the Schottky boundary conditions: 
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NI ==N+I  = = 0  . (1.4) 

We note  that  ana logous  equa t ions  w e r e  d i s c u s s e d  in [4] in an a n a l y s i s  of the p l a s m a - p e r t u r b a t i o n  r e g i o n  n e a r  an 

e l e c t r o d e .  

The  p r o b l e m  wi l l  be t r e a t e d  be low for  the c a s e s  of p l a n a r ,  c y l i n d r i c a l ,  and s p h e r i c a l  s y m m e t r y ,  so the 
b o u n d a r i e s  of the p l a s m a  r e g i o n  wi l l  be e i t h e r  two inf in i te  p a r a l l e l  p l a n e s  with c o o r d i n a t e s  L / 2  - L / 2  o r  a c y l i n d r i c a l  
o r  s p h e r i c a l  s u r f a c e  of r a d i u s  R.  H e r e  al l  the v a r i a b l e s  in (1 .1) - (1 .3)  depend  only on a s ing le  c o o r d i n a t e  x i (i = 1, 2, 3), 
(x 1 = x, x z = p, x a = r).  S i m p l e  p h y s i c a l  c o n s i d e r a t i o n s  based  on the s y m m e t r y  of the p r o b l e m  and the r e q u i r e m e n t  that  
the so lu t ion  be bounded lead  to the cond i t ions  

~ N =  V N + =  0, ~2N, XTaN+ < 0, E =  0 fo r  z~ = 0. (1.5) 

F o r  su f f i c i en t ly  low d e n s i t i e s  N and N+ al l  the n o n l i n e a r  t e r m s  in {1.1) and (1.2) can  be n e g l e c t e d ,  and we have ,  
i n s t ead  of (1 .1 ) - (1 .3 ) ,  

DXTZN + Z N  = 0, D+V2N.+ ={- Z N  = 0 , (1.6) 

which  a r e  l i n e a r  d i f fus ion  equa t ions  d e s c r i b i n g ,  wi th  cond i t ions  (1.4) and (1.5), the we l l - known  f r e e - d i f f u s i o n  r e g i m e  
in which v o l u m e  r e c o m b i n a t i o n  and the e f f ec t  of the s p a c e - c h a r g e  f ie ld  can  be neg lec ted .  The  so lu t ion  of Eq.  (1.6) can  
be  w r i t t e n  

N =  NoG ~ (gi), ~ i =  xi/A*' A i m  (D / Z) "a/= , 

where A i is the diffusion length, and i = i, 2, 3 for planar, cylindrical, and spherical symmetry, respectively. 

Equa t ions  (1.6) show that  the ion c o n c e n t r a t i o n  is  r e l a t e d  to the e l e c t r o n  c o n c e n t r a t i o n  by N+ = D/D+N. 

For i = 1 (planar symmetry), we have 

fo r  i = 2 ( c y l i n d r i c a l  s y m m e t r y ) ,  we have  

h i =  L / a ,  G I =  Cosz/A1 

A2 = B / ~ ,  G~ ---- .r 0 (p / A~.) 

whe re /~  = 2.405 is  the f i r s t  r o o t  of the z e r o - o r d e r  B e s s e l  function; fo r  i = 3 ( s p h e r i c a l  s y m m e t r y ) ,  we have  

Aa = R/~, Ga = tl) (rlAa) = V ' ~  J,:, (r/Aa) , 

w h e r e  + is the s p h e r i e a l  B e s s e l  func t ion  of z e r o t h  o r d e r .  

(1.7) 

(1.8) 

(1.9) 

2. We w r i t e  Eqs .  (1 .1) - (1 .3)  in d i m e n s i o n l e s s  fo rm:  

n d . a(~ ) d / �9 dn \ 
(~i-~) + ~ ~ [ ~F ~-~)  

.." a (~_~)_ ~ r ~ d ( ~_~ d~. \ 
~-~ d~ ~ <-~ d ~ \  ~ "-a~C) 

i 

! d 

a(i) D cz Z 
ebAr ' al = " ~ - ,  a ~ - -  ebNn , 

N N ~  x~ 
n = N - ~ ,  n . =  N n  " ~+-- Ai  

dr~ 

d n  
+ e d~--~ + tta~n' z~ - -  tta.,n = 0 , 

( n . -  n), 

b D 
!~ = '~+ ' s  ' 

E 
~ - -  e A i N  n ' 

w h e r e  N n is  the dens i t y  of  n e u t r a l  a toms .  

E l i m i n a t i n g  e f r o m  (2.1) and (2.2), we find with the he lp  of  (2.3) that  

(2.1) 

(2.2) 

(2.3) 
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a(O d 4g ! t~-~ (n. -- n) dt i dn __ a~nn+ "t- a~n = 0 

o 

- -  g,a,n -= 0 .  

(2.4) 

(2.5) 

We s e e k  a so lu t ion  of the n o n l i n e a r  s y s t e m  (2.4), (2.5) in the f o r m  

n = nola~ (~d + ( ~ - -  ~ )  ~=, ~ ~ , 

/$+ + (~o~ -- ~i) ~, = 

(2.6) 

(2.7) 

H e r e ,  no~ and no+ ~ a r e  the d i m e n s i o n l e s s  e l e c t r o n  and ion d e n s i t i e s  at the  m a r g i n ,  ~iE = x i~ , /Ai  is  the va lue  of ~i at  
the boundary  of  the r eg ion ,  and Gi(~ i) s a t i s f i e s  Eq.  (1.6), y i e l d i n g  Eqs .  (1 .7) - (1 .9)  fo r  i = 1, 2, 3. 

It  is  e a s y  to s e e  that  the c h o i c e  of subs t i tu t ion  (2.6), (2.7) s a t i s f i e s  the bounda ry  cond i t ions  of the p r o b l e m .  We 
subs t i t u t e  (2.6) and (2.7) into (2.4) and (2.5), expanding  G i in s e r i e s  f o r m :  

G i = 1  i . x'~(1)~k 
- -~7-- - r2~ ~ ~ ' 

w h e r e  a (i) a r e  known c o e f f i c i e n t s  c o r r e s p o n d i n g  at i = 1 to the  p o w e r - s e r i e s  expans ion  of the  c o s i n e  and c o r r e s p o n d i n g  
at  i = 2 to the e x p a n s i o n  of the  z e r o - o r d e r  B e s s e l  funct ion ,  e tc .  

C o m p a r i n g  c o e f f i c i e n t s  of  i den t i ca l  p o w e r s  of ~i, we find,  in p a r t i c u l a r ,  f o r  the  z e r o t h - d e g r e e  c o e f f i c i e n t s  of  ~i 
the fo l lowing:  

4~noi (no+ ~ -- noi ) -- ao(t)nol -- a:tnoino+~ + a~no~ = 0 , ( 2 . 8 )  

P' aO)n A. 4nno+i (no+i - -  rico + "--ff o o+i ~ p.a~no~no+i - -  ~a~noi = 0 . (2.9) 

In an ana logous  m a n n e r ,  we can obta in  r e c u r r e n c e  r e l a t i o n s  for  the c o e f f i c i e n t s  Pk and qk and (2.6), (2.7). In 
p a r t i c u l a r ,  f o r  i = 1 (point  s y m m e t r y ) ,  we have  (omi t t i ng  the s u b s c r i p t  fo r  s imp l i c i t y )  

t( -- l)k [4~no (no. - -  no)(2 ~k - -  t) -- ainono+ (2~k-I--t)] 
(2k) I + Ak + (1 + 2k) B~ - -  

A~_, t a0 (2k + 2) (2k + t) 
- -  ~ + ~ -  (as -- aln0+) C k + 4• Ck+l - -  alnoD~ -~- 

k--1. 
~__1 [ ( ~  (--i)i / l 2 ( k - - / - - t )  ~ ~, (--l)J Ak_~_~ 

2 ( k - - l ' ) A j _ 1  ( - - l ) ino.alCl~_i_l  [ axCj , (--t)i \ 5/ 
+ 4~n0 (2/ --  t) C~_j- -  4~(2i) 1 - - \ - - ~ ' - - r  ~ a ~ n o ) D k _ j _ , J ~ = O ,  (2.10) 

( - -  l)k [4~no+ (no. - -  no) (2 ~k - -  1) + p, axnono+ (2~k -~ -- t)] 
(2k) 1 + Ak+ + (t + 2k) Bk* - -  

A~_I  p.alnoCl~ + p, ao (2k .-~ 2) (2k + t) 
- -  ~ + ~ - -  4z0~ C~'+t + (~a~no+ - -  ~a~) D~ + + 

+ ~  [((--t) i + \ A +  (--l)/ /  2(k--/ '--l)\  ~+ . (--t)/t Ak_i_~, 
~=, [,~-~r+c~ I ~-~+r 1+ ~ )~+1*(2-w7~+~)'2(~-1) -~+  

A ~ _ 1 2 ( k - - / ) C ~ . _  ~ . /13a~no(~_!)i . . . .  ~ C + .  ..1_(--1)i + ] )  
+ (2/ --  t) 4nno+ t \  (2t) t4:~ -VVta~u~ ] ~-~-t ~ a ,  no+O~_~_~]f=0. (2.11) 

H e r e ,  

Ak = ~no  (%-i - -  P~-t) - -  4nno+ (q~-2 - -  P~-~) ' 

B~ =n~(no+ - -  no) P~-I - -  4n ('~o+ - -  no)Pk-2 , 

Ch = .~3Pk_ I - -  4nP~_ 2, D~ = ~/4~qk_1 - -  q~-2, Ak = #no§ (%_1--P~_1)--4nno§ (q~-2-- 

- -  P~:-2), B~ = ~s (no+ __ no)qk_ x __ ~ (no+ __ no)qk_ 2 , 
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F o r  e x a m p l e ,  we have  

t 2 ~ n o  (no .  - -  no) - -  alnono§ 12mto+ (no§ - -  no) + ~alnono. 

[4.~y 4;~ (no. --: no) a, i ]  .... onu§ 4~ao(ql--pl) 
P'~= -- 3!no --  5.8ao-- 6 p l + ~ - -  5-6ao 
4~ (no+-- no) I [.[-~i + 4:~ 4~.alno~ ~ 4:kM~t:~ t6~no(q~--px) , ~.atnono. q2:  

It  i s  e a s y  to show that  unde r  f r e e - d i f f u s i o n  conditions, for which r e c o m b i n a t i o n  and the e f fec t  of the s p a c e -  
c h a r g e  f ie ld  can  be n e g l e c t e d ,  the c o e f f i c i e n t s  pk (i) and qk (i) tend toward  ze ro ,  and the e l e c t r o n  and ion d e n s i t y  
d i s t r i b u t i o n s  a r e  g iven  by the funct ion  

Gf (~) ( i =  i, 2, 3). 

Le t  us now d e m o n s t r a t e  the c o n v e r g e n c e  of the s e r i e s  in (2.6), (2.7) fo r  the c a s e  i = 1 (plane s y m m e t r y ) .  
A n a l y z i n g  r e c u r r e n c e  r e l a t i o n s  (2.10) and (2.11), we can  e a s i l y  show that  the inequa l i ty  pk < 4n-~p~_~ b e c o m e s  va l id  at 
s o m e  k _> k0; i t  fo l lows  that  p~<(4n-2)n-~pa w h e r e  Pc~ is  s o m e  f in i te  n u m b e r .  A c c o r d i n g l y ,  s e r i e s  (2.6) fo r  k _> k0 is  
m a j o r i z e d  by a p o w e r  s e r i e s  with the c o m m o n  t e r m  (47r-2)nx 2n, having  a c o n v e r g e n c e  r a d i u s  of 7r/2. 

Series (2.6) thus converges absolutely in this region. The convergence of series (2.7) can be proved in an 
anologous manner, as can the convergence of series (2.6) and (2.7) for i = 2, 3. 

3. S y s t e m  (2.8), (2.9) fo r  no.~, nor is i d e n t i c a l  fo r  a l l  i (i = 1, 2, 3); i . e . ,  i t  r e t a i n s  i ts  f o r m  in d i f f e r e n t  g e o m e t r i c  
p r o b l e m s .  The  g e o m e t r y  is taken into accoun t  by the quant i ty  A i in a0 (i). A c c o r d i n g l y ,  the r e s u l t s  obta ined  be low f r o m  
an a n a l y s i s  of (2.8), (2.9) wi l l  be va l id  fo r  any p r o b l e m  g e o m e t r y .  

Converting in (2.8), (2.9) from dimensionless to dimensional variables and parameters, and solving the system 
for N(0) and N+(0) under the conditions 

b 
~=~-+>~t ,  c ~ o = 4 . ~ e b  , (3.1) 

which  a r e  o b v i o u s l y  a lways  s a t i s f i e d ,  we  find 

t z ~- -  Z--A~--i -- a0 ~ 0  ~ D Z 

N (0) ~ D ] I- Z "]-I ( Da ~ b+D + D§ 
N.  (0) - IN+ (o) + b§ ~- ~JLN+(~ ~J +b ), (3.3) 

w h e r e  D a is the a m b i p o l a r  d i f fus ion  coe f f i c i en t .  Equa t ion  (3.2) i s  the s t e a d y - s t a t e  condi t ion;  i t  i s  equ iva l en t  to the  
cond i t ion  a / a t  = o which  p e r m i t s  us  to c a l c u l a t e  the d e n s i t y  in the c e n t r a l  r e g i o n  f r o m  the d i f fus ion  length  A i fo r  g iven  
p a r a m e t e r s  z,  e ,  D, D+, b, b+ and fo r  a g iven  g e o m e t r y  of the p l a s m a  reg ion .  T h i s  g e o m e t r y  is r e f l e c t e d  in the 
s t e a d y - s t a t e  condi t ion .  F o r  c e r t a i n  r a t i o s  be tween  the p a r a m e t e r s  in (3.2) and (3.3), p a r t i c u l a r  f o r m s  of the s t e a d y -  
s t a t e  cond i t i ons  can  be obta ined  fo r  the f a m i l i a r  " p u r e  r e g i m e s " .  

F o r  f r e e  d i f fus ion ,  as  an e x a m p l e ,  we have  

Z= D N (0) D+ D Z 
A~ ~ ' N +  (0) - -  D fo r  N.  (0) ~ aoAi~ , ~-T ; 

fo r  a m b i p o l a r  d i f fus ion  we have  

Z == - -  Da N (0) ~ N§ (0) f o r  D Z ~ 2v (c,) ~ __Z 
hi ~ ~ch/~- ' r r 

F o r  the r e c o m b i n a t i o n  r e g i m e ,  we have  
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z Z 
N (0) = N§ (0) = ~-- for N >~> D __ 

~A~ ~ ' ~ o "  

For  the t rans i t ion  r eg imes  from free diffusion to ambipolar  diffusion and from ambipolar  to recombinat ion,  Eqs. 
(3.2) and (3.3) mus t  be used. 

Significantly,  the s teady-s ta te  conditions unambiguously re la te  only the density at the or igin  with the pa rame te r s  
of the problem; they are  not d i rec t ly  connected to the form of the density d is t r ibut ion function, which can be calculated 
f rom the r e c u r r e n c e  re la t ions .  We turn  now to conditions (3.1). As is easy to see from evaluations,  these conditions 
always hold for a p lasma consis t ing  of e lec t rons  and ions. According to evaluat ions based on known recombinat ion 
coefficients ,  conditions (3.1) mus t  be sat isf ied for a lmost  all  known cases .  However, if the opposite condition, 

a > ~  ao = 4:~eb,  (3.4) 

is held possible  which, genera l ly  speaking, may be t rue  in the case of induced photoreeombinat ion in an in tense  
rad ia t ion  field at high neu t r a l -gas  p r e s s u r e s ,  we can find a s teady-s ta te  condition analogous to (3.4) from the 
equations for n+ and n in this case; i . e . ,  the steady state must  always be recombinat ional ,  r ega rd le s s  of the maximum 

elec t ron  density.  

4. We turn  now to the analogous s teady-s ta te  problem for the case in which the ionization is localized in a 
ce r t a in  effective volume and in which the boundaries  are  essen t ia l ly  at infinity. Localizat ion of the ion can be 
achieved by int roducing a cer ta in  d is t r ibut ion  pa rame te r  in Eqs. (1.1)-(1.3). For  the spher ical ly  symmet r i c  problem,  
we introduce this factor by rep lac ing  Z by Z exp-(r /R0) 2, where R 0 is the charac te r i s t i c  d imension of the region in 
which the ionizat ion is localized. After  calculat ions analogous to those in sect ion 2, we find for this case a sys tem of 
equations s i m i l a r  to sys tem (2.4), (2.5) for the bounded problem: 

Co d [ ~ dn ~ 4:~ ~ dn 
+ - ~ -  .~ t~ (n+ -- ,,) dt -- C,,m+ +C,~n exp --(~)=l~ (4.1) 

o 

4n ? dn+ 4~,,+ (n+ -- "):---~7~C~ ~d (,~ -~]dn* \ + ~- o~ t ~ (n+ -- ,,)dr ~- + C,~,,n§ -- ~C~n exp (-- ,~)=0, (4.2) 

where 

r D a Z 
~] =-~o ' CO = ebNoRo 2 , C 1 =  -~'~ , C.,.= beNn �9 

We seek a solution of (4.1), (4.2) satisfying the boundary conditions 

~ + 1 ~ , ~  = nl~_>~ = o 

and the condition of boundedness at the origin,  in the form 

n = e-~'(no§ ~ p~t~+4), 
*'.=0 

n+ =e-~'(no+ § ~. q~,l~k+~). (4.3) 
/r 

Here n o , no+ are  the d imens ion less  e lec t ron  and ion densi t ies  at the origin.  Substi tution of (4.3) into (4.1) and (4.2), 
with a power - se r i e s  expansion of exp (_~2), yields equations analogous to (2.8) and (2.9) for the bounded problem for 

the densi ty  at the origin:  

4~n0 (no+ - -  no) - -  Cono - -  C1nono.  § Co.no = 0 , (4.4) 
4nno+ (no+ - no) + ~/~Cono+ + ~Clnono+ - -  ~C~no = 0 .  (4.5) 

Recurrence relations for the coefficients Pk and qk in (4.3) can be obtained in a completely analogous manner. 
Because of the similarity of (4.4), (4.5) and (2.8), (2.9), and when conditions in (3.1) hold, we can obtain from (4.4) 
and (4.5) steady-state conditions analogous to (3.2) and (3.3); a difference is that here the role of the diffusion length 

is played by the quantity 

Aoo = I/6 R (4.6) 

The numerical coefficient in (4.6) is directly related to the approximation chosen for the ionization-frequency 
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distribution. 

All the resu l t s  obtained in the study of s teady-s ta te  reg imes  for the bounded balance problem natural ly  r ema in  
valid for this case,  with the rep lacement  of A i by Aoo. 
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